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Abstract
In this paper, we define the incomplete h(x)-Fibonacci and h(x)-Lucas polynomials, we
study the recurrence relations and some properties of these polynomials.
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1 Introduction
Fibonacci numbers and their generalizations have many interesting properties and applications to
almost every fields of science and art (e.g., see [1]). The Fibonacci numbers Fn are the terms of
the sequence 0, 1, 1, 2, 3, 5, ..., wherein each term is the sum of the two previous terms, beginning
with the values F0 = 0 and F1 = 1.
The incomplete Fibonacci and Lucas numbers were introduced by Filipponi [2]. The incomplete
Fibonacci numbers Fn(k) and the incomplete Lucas numbers Ln(k) are defined by
Fn(k) =
k∑
j=0
(
n− 1− j
j
) (
n = 1, 2, 3, . . . ; 0 ≤ k ≤
⌊
n− 1
2
⌋)
,
and
Ln(k) =
k∑
j=0
n
n− j
(
n− j
j
) (
n = 1, 2, 3, . . . ; 0 ≤ k ≤
⌊n
2
⌋)
.
Is is easily seen that
Fn
(⌊
n− 1
2
⌋)
= Fn and Ln
(⌊n
2
⌋)
= Ln,
where Fn and Ln are the n-th Fibonacci and Lucas numbers [1]. Further in [3], generating functions
of the incomplete Fibonacci and Lucas numbers are determined. In [4] Djordevic´ gave the incom-
plete generalized Fibonacci and Lucas numbers. In [5] Djordevic´ and Srivastava defined incomplete
1
generalized Jacobsthal and Jacobsthal-Lucas numbers. In [6] the authors define the incomplete
Fibonacci and Lucas p-numbers. Also the authors define the incomplete bivariate Fibonacci and
Lucas p-polynomials in [7].
On the other hand, large classes of polynomials can be defined by Fibonacci-like recurrence
relation and yield Fibonacci numbers [1]. Such polynomials, called Fibonacci polynomials, were
studied in 1883 by the Belgian mathematician Eugene Charles Catalan and the German mathe-
matician E. Jacobsthal. The polynomials Fn(x) studied by Catalan are defined by the recurrence
relation
F0(x) = 0, F1(x) = 1, Fn+1(x) = xFn(x) + Fn−1(x), n > 1.
The Fibonacci polynomials studied by Jacobsthal are defined by
J0(x) = 1, J1(x) = 1, Jn+1(x) = Jn(x) + xJn−1(x), n > 1.
The Lucas polynomials Ln(x), originally studied in 1970 by Bicknell, are defined by
L0(x) = 2, L1(x) = x, Ln+1(x) = xLn(x) + Ln−1(x), n > 1.
In [8], the authors introduced the h(x)-Fibonacci polynomials. That generalize Catalan’s Fibonacci
polynomials Fn(x) and the k-Fibonacci numbers Fk,n [9]. Let h(x) be a polynomial with real
coefficients. The h(x)-Fibonacci polynomials {Fh,n(x)}n∈N are defined by the recurrence relation
Fh,0(x) = 0, Fh,1(x) = 1, Fh,n+1(x) = h(x)Fh,n(x) + Fh,n−1(x), n > 1. (1)
For h(x) = x we obtain Catalan’s Fibonacci polynomials, and for h(x) = k we obtain k-Fibonacci
numbers. For k = 1 and k = 2 we obtain the usual Fibonacci numbers and the Pell numbers.
Let h(x) be a polynomial with real coefficients. The h(x)-Lucas polynomials {Lh,n(x)}n∈N are
defined by the recurrence relation
Lh,0(x) = 2, Lh,1(x) = h(x), Lh,n+1(x) = h(x)Lh,n(x) + Lh,n−1(x), n > 1.
For h(x) = x we obtain the Lucas polynomials, and for h(x) = k we have the k-Lucas numbers [10].
For k = 1 we obtain the usual Lucas numbers. In [8], the authors obtained some relations for these
polynomials sequences. In addition, in [8], the explicit formula to h(x)-Fibonacci polynomials is
Fh,n(x) =
⌊n−12 ⌋∑
i=0
(
n− i− 1
i
)
hn−2i−1(x), (2)
and the explicit formula of h(x)-Lucas polynomials is
Lh,n(x) =
⌊n2 ⌋∑
i=0
n
n− i
(
n− i
i
)
hn−2i(x).
In this paper, we introduce the incomplete h(x)-Fibonacci and h(x)-Lucas polynomials and we
obtain new identities.
2
2 Some Properties of h(x)-Fibonacci and h(x)-Lucas Poly-
nomials
The characteristic equation associated with the recurrence relation (1) is v2 = h(x)v + 1. The
roots of this equation are
α(x) =
h(x) +
√
h(x)2 + 4
2
, β(x) =
h(x) −
√
h(x)2 + 4
2
.
Then we have the following basic identities:
α(x) + β(x) = h(x), α(x) − β(x) =
√
h(x)2 + 4, α(x)β(x) = −1. (3)
Some of the properties that the h(x)-Fibonacci polynomials verify are summarized bellow (see [8]
for the proofs).
• Binet formula: Fh,n(x) = α(x)
n−β(x)n
α(x)−β(x) .
• Combinatorial formula: Fh,n(x) =
∑⌊(n−1)/2⌋
i=0
(
n−1−i
i
)
hn−1−2i(x).
• Generating function: gf(t) = t1−h(x)t−t2 .
Some properties that the h(x)-Lucas numbers verify are summarized bellow (see [8] for the
proofs).
• Binet formula: Lh,n(x) = α(x)n + β(x)n.
• Relation with h(x)-Fibonacci polynomials: Lh,n(x) = Fh,n−1(x) + Fh,n+1(x), n > 1.
3 The incomplete h(x)-Fibonacci Polynomials
3.1 Definition
Definition 1. The incomplete h(x)-Fibonacci polynomials are defined by
F lh,n(x) =
l∑
i=0
(
n− 1− i
i
)
hn−2i−1(x), 0 ≤ l ≤
⌊
n− 1
2
⌋
. (4)
In Table 1, some polynomials of incomplete h(x)-Fibonacci polynomials are provided.
n \ l 0 1 2 3 4
1 1
2 h
3 h2 h2 + 1
4 h3 h3 + 2h
5 h4 h4 + 3h2 h4 + 3h2 + 1
6 h5 h5 + 4h3 h5 + 4h3 + 3h
7 h6 h6 + 5h4 h6 + 5h4 + 6h2 h6 + 5h4 + 6h2 + 1
8 h7 h7 + 6h5 h7 + 6h5 + 10h3 h7 + 6h5 + 10h3 + 4h
9 h8 h8 + 7h6 h8 + 7h6 + 15h4 h8 + 7h6 + 15h4 + 10h2 h8 + 7h6 + 15h4 + 10h2 + 1
10 h9 h9 + 8h7 h9 + 8h7 + 21h5 h9 + 8h7 + 21h5 + 20h3 h9 + 8h7 + 21h5 + 20h3 + 5h
Table 1: The polynomials F lh,n(x) for 1 6 n 6 10
We note that
F
⌊n−12 ⌋
1,n (x) = Fn.
3
For h(x) = 1, we get incomplete Fibonacci numbers [2]. If h(x) = k we obtained incomplete
k-Fibonacci numbers.
Some special cases of (4) are
F 0h,n(x) = h
n−1(x); (n ≥ 1) (5)
F 1h,n(x) = h
n−1(x) + (n− 2)hn−3(x); (n ≥ 3) (6)
F 2h,n(x) = h
n−1(x) + (n− 2)hn−3(x) + (n− 4)(n− 3)
2
hn−5(x); (n ≥ 5) (7)
F
⌊n−12 ⌋
h,n (x) = Fh,n(x); (n ≥ 1) (8)
F
⌊n−32 ⌋
h,n (x) =
{
Fh,n(x)− nh(x)2 (n even)
Fh,n(x)− 1 (n odd)
(n ≥ 3). (9)
3.2 Some recurrence properties of the polynomials F lh,n(x)
Proposition 2. The recurrence relation of the incomplete h(x)-Fibonacci polynomials F lh,n(x) is
F l+1h,n+2(x) = h(x)F
l+1
h,n+1(x) + F
l
h,n(x) 0 ≤ l ≤
n− 2
2
(10)
The relation (10) can be transformed into the non-homogeneous recurrence relation
F lh,n+2(x) = h(x)F
l
h,n+1(x) + F
l
h,n(x) −
(
n− 1− l
l
)
hn−1−2l(x). (11)
Proof. Use the Definition 1 to rewrite the right-hand side of (10) as
h(x)
l+1∑
i=0
(
n− i
i
)
hn−2i(x)+
l∑
i=0
(
n− i− 1
i
)
hn−2i−1(x)
=
l+1∑
i=0
(
n− i
i
)
hn−2i+1(x) +
l+1∑
i=1
(
n− i
i− 1
)
hn−2i+1(x)
= hn−2i+1(x)
(
l+1∑
i=0
[(
n− i
i
)
+
(
n− i
i− 1
)])
− hn+1(x)
(
n
−1
)
=
l+1∑
i=0
(
n− i+ 1
i
)
hn−2i+1(x)− 0
= F lh,n+2(x).
Proposition 3.
s∑
i=0
(
s
i
)
F l+ih,n+i(x)h
i(x) = F l+sh,n+2s(x)
(
0 ≤ l ≤ n− s− 1
2
)
. (12)
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Proof. (By induction on s). The sum (12) clearly holds for s = 0 and s = 1 (see (10)). Now
suppose that the result is true for all j < s+ 1, we prove it for s+ 1.
s+1∑
i=0
(
s+ 1
i
)
F l+ih,n+i(x)h
i(x)
=
s+1∑
i=0
[(
s
i
)
+
(
s
i− 1
)]
F l+ih,n+i(x)h
i(x)
=
s+1∑
i=0
(
s
i
)
F l+ih,n+i(x)h
i(x) +
s+1∑
i=0
(
s
i− 1
)
F l+ih,n+i(x)h
i(x)
= F l+sh,n+2s(x) +
(
s
s+ 1
)
F l+s+1h,n+s+1(x)h
s+1(x) +
s∑
i=−1
(
s
i
)
F l+i+1h,n+i+1(x)h
i+1(x)
= F l+sh,n+2s(x) + 0 +
s∑
i=0
(
s
i
)
F l+i+1h,n+i+1(x)h
i+1(x) +
(
s
−1
)
F lh,n(x)
= F l+sh,n+2s(x) + h(x)
s∑
i=0
(
s
i
)
F l+i+1h,n+i+1(x)h
i(x) + 0
= F l+sh,n+2s(x) + h(x)F
l+s+1
h,n+2s+1(x)
= F l+s+1h,n+2s+2(x).
Proposition 4. For n ≥ 2l + 2,
s−1∑
i=0
F lh,n+i(x)h
s−1−i(x) = F l+1h,n+s+1(x) − hs(x)F l+1h,n+1(x). (13)
Proof. (By induction on s). La sum (13) clearly holds for s = 1 (see (10)). Now suppose that the
result is true for all j < s. We prove it for s.
s∑
i=0
F lh,n+i(x)h
s−i(x) = h(x)
s−1∑
i=0
F lh,n+i(x)h
s−i−1(x) + F lh,n+s(x)
= h(x)
(
F l+1h,n+s+1(x)− hs(x)F l+1h,n+1(x)
)
+ F lh,n+s(x)
=
(
h(x)F l+1h,n+s+1(x) + F
l
h,n+s(x)
)
− hs+1(x)F l+1h,n+1(x)
= F l+1h,n+s+2(x) − hs+1(x)F l+1h,n+1(x).
Lemma 5.
F ′h,n(x) = h
′(x)
(
nLh,n(x)− h(x)Fh,n(x)
h2(x) + 4
)
(14)
Proof. By deriving into the Binet’s formula it is obtained:
F ′h,n(x) =
n
[
αn−1(x)− (−α(x))−n−1]α′(x)
α(x) + α(x)−1
− [α
n(x)− (−α(x))−n] (1− α−2(x))α′(x)
[α(x) + α−1(x)]
2
5
being α(x) =
h(x)+
√
h2(x)+4
2 , and therefore α
′(x) = h
′(x)α(x)
α(x)+α−1(x) , 1− α−2(x) = h(x)α(x) , and then
F ′h,n(x) =
n [αn(x) + (−α(x))−n]h′(x)
[α(x) + α−1(x)]
2 −
[αn(x)− (−α(x))−n]
α(x) + α−1(x)
· h(x)h
′(x)
[α(x) + α−1(x)]
2
On the other hand, Fh,n+1(x) + Fh,n−1(x) = α
n(x) + βn(x) = αn(x) + (−α(x))−n = Lh,n(x).
From where, after some algebra Eq. (14) is obtained.
Lemma 5 generalizes Proposition 13 of [11].
Lemma 6.
⌊n−12 ⌋∑
i=0
i
(
n− 1− i
i
)
hn−1−2i(x) =
((h(x)2 + 4)n− 4)Fh,n(x) − nh(x)Lh,n(x)
2(h2(x) + 4)
(15)
Proof. From Eq(2) we have that
h(x)Fh,n(x) =
⌊n−12 ⌋∑
i=0
(
n− 1− i
i
)
hn−2i(x)
By deriving into the above equation it is obtained:
h′(x)Fh,n(x) + h(x)F
′
h,n(x) =
⌊n−12 ⌋∑
i=0
(n− 2i)
(
n− 1− i
i
)
hn−2i−1(x)h′(x)
= nFh,n(x)h
′(x) − 2
⌊n−12 ⌋∑
i=0
i
(
n− 1− i
i
)
hn−2i−1(x)h′(x)
From Lemma 5
h′(x)Fh,n(x) + h(x)h
′(x)
(
nLh,n(x)− h(x)Fh,n(x)
h2(x) + 4
)
= nFh,n(x)h
′(x)− 2
⌊n−12 ⌋∑
i=0
i
(
n− 1− i
i
)
hn−2i−1(x)h′(x) (16)
From where, after some algebra Eq.(15) is obtained.
Proposition 7.
⌊n−12 ⌋∑
l=0
F lh,n(x) =
{
4Fh,n(x)+nh(x)Lh,n(x)
2(h2(x)+4) (n even)
(h2(x)+8)Fh,n(x)+nh(x)Lh,n(x)
2(h2(x)+4) (n odd)
(17)
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Proof.
⌊n−12 ⌋∑
l=0
F lh,n(x) = F
0
h,n(x) + F
1
h,n(x) + · · ·+ F ⌊
n−1
2 ⌋
h,n (x)
=
(
n− 1− 0
0
)
hn−1(x) +
[(
n− 1− 0
0
)
hn−1(x) +
(
n− 1− 1
1
)
hn−3(x)
]
+ · · ·
+
[(
n− 1− 0
0
)
hn−1(x) +
(
n− 1− 1
1
)
hn−3(x) + · · ·+
(
n− 1− ⌊n−12 ⌋⌊
n−1
2
⌋ )hn−1−2⌊n−12 ⌋(x)
]
=
(⌊
n− 1
2
⌋
+ 1
)(
n− 1− 0
0
)
hn−1(x) +
⌊
n− 1
2
⌋(
n− 1− 1
1
)
hn−3(x)+
· · ·+
(
n− 1− ⌊n−12 ⌋⌊
n−1
2
⌋ )hn−1−2⌊n−12 ⌋(x)
=
⌊n−12 ⌋∑
i=0
(⌊
n− 1
2
⌋
+ 1− i
)(
n− 1− i
i
)
hn−1−2i(x)
=
⌊n−12 ⌋∑
i=0
(⌊
n− 1
2
⌋
+ 1
)(
n− 1− i
i
)
hn−1−2i(x)−
⌊n−12 ⌋∑
i=0
i
(
n− 1− i
i
)
hn−1−2i(x)
=
(⌊
n− 1
2
⌋
+ 1
)
Fh,n(x)−
⌊n−12 ⌋∑
i=0
i
(
n− 1− i
i
)
hn−1−2i(x)
From Lemma 6 the Eq.(17) is obtained.
4 The incomplete h(x)-Lucas Polynomials
4.1 Definition
Definition 8. The incomplete h(x)-Lucas polynomials are defined by
Llh,n(x) =
l∑
i=0
n
n− i
(
n− i
i
)
hn−2i(x), 0 ≤ l ≤
⌊n
2
⌋
. (18)
In Table 2, some polynomials of incomplete h(x)-Lucas polynomials are provided.
n \ l 0 1 2 3 4
1 h
2 h2 h2 + 2
3 h3 h3 + 3h
4 h4 h4 + 4h2 h4 + 4h2 + 2
5 h5 h5 + 5h3 h5 + 5h3 + 5h
6 h6 h6 + 6h4 h6 + 6h4 + 9h2 h6 + 6h4 + 9h2 + 2
7 h7 h7 + 7h5 h7 + 7h5 + 14h3 h7 + 7h5 + 14h3 + 7h
8 h8 h8 + 8h6 h8 + 8h6 + 20h4 h8 + 8h6 + 20h4 + 16h2 h8 + 8h6 + 20h4 + 16h2 + 2
9 h9 h9 + 9h7 h9 + 9h7 + 27h5 h9 + 9h7 + 27h5 + 30h3 h9 + 9h7 + 27h5 + 30h3 + 9h
Table 2: The polynomials Llh,n(x) for 1 6 n 6 9
We note that
L
⌊n2 ⌋
1,n (x) = Ln.
7
Some special cases of (18) are
L0h,n(x) = h
n(x); (n ≥ 1) (19)
L1h,n(x) = h
n(x) + nhn−2(x); (n ≥ 2) (20)
L2h,n(x) = h
n(x) + nhn−2(x) +
n(n− 3)
2
hn−4(x); (n ≥ 4) (21)
L
⌊n2 ⌋
h,n (x) = Lh,n(x); (n ≥ 1) (22)
L
⌊n−22 ⌋
h,n (x) =
{
Lh,n(x)− 2 (n even)
Lh,n(x)− nh(x) (n odd)
(n ≥ 2). (23)
4.2 Some recurrence properties of the polynomials Llh,n(x)
Proposition 9.
Llh,n(x) = F
l−1
h,n−1(x) + F
l
h,n+1(x);
(
0 ≤ l ≤
⌊n
2
⌋)
. (24)
Proof. By (4), rewrite the right-hand side of (24) as
l−1∑
i=0
(
n− 2− i
i
)
hn−2−2i(x) +
l∑
i=0
(
n− i
i
)
hn−2i(x) =
l∑
i=1
(
n− 1− i
i− 1
)
hn−2i(x) +
l∑
i=0
(
n− i
i
)
hn−2i(x)
=
l∑
i=0
[(
n− 1− i
i− 1
)
+
(
n− i
i
)]
hn−2i(x) −
(
n− 1
−1
)
=
l∑
i=0
n
n− i
(
n− i
i
)
hn−2i(x) + 0
= Llh,n(x).
Proposition 10. The recurrence relation of the incomplete h(x)-Lucas polynomials Llh,n(x) is
Ll+1h,n+2(x) = h(x)L
l+1
h,n+1(x) + L
l
h,n(x) 0 ≤ l ≤
⌊n
2
⌋
(25)
The relation (25) can be transformed into the non-homogeneous recurrence relation
Llh,n+2(x) = h(x)L
l
h,n+1(x) + L
l
h,n(x) −
n
n− l
(
n− l
l
)
hn−2l(x). (26)
Proof. Using (24) and (10) we write
Ll+1h,n+2(x) = F
l
h,n+1(x) + F
l+1
h,n+3(x)
= h(x)F lh,n(x) + F
l−1
h,n−1(x) + h(x)F
l+1
h,n+2(x) + F
l
h,n+1(x)
= h(x)
(
F lh,n(x) + F
l+1
h,n+2(x)
)
+ F l−1h,n−1(x) + F
l
h,n+1(x)
= h(x)Ll+1h,n+1(x) + L
l
h,n(x).
8
Proposition 11.
h(x)Llh,n(x) = F
l
h,n+2(x)− F l−2h,n−2(x) 0 ≤ l ≤
⌊
n− 1
2
⌋
. (27)
Proof. By (24),
F lh,n+2(x) = L
l
h,n+1(x)− F l−1h,n (x) and F l−2h,n−2(x) = Ll−1h,n−1(x) − F l−1h,n (x),
whence, from (25),
F lh,n+2(x) − F l−2h,n−2(x) = Llh,n+1(x)− Ll−1h,n−1(x) = h(x)Llh,n(x).
Proposition 12.
s∑
i=0
(
s
i
)
Ll+ih,n+i(x)h
i(x) = Ll+sh,n+2s(x)
(
0 ≤ l ≤ n− s
2
)
. (28)
Proof. Using (24) and (12) we write
s∑
i=0
(
s
i
)
Ll+ih,n+i(x)h
i(x) =
s∑
i=0
(
s
i
)[
F l+i−1h,n+i−1(x) + F
l+i
h,n+i+1(x)
]
hi(x)
=
s∑
i=0
(
s
i
)
F l+i−1h,n+i−1(x)h
i(x) +
s∑
i=0
(
s
i
)
F l+ih,n+i+1(x)h
i(x)
= F l−1+sh,n−1+2s(x) + F
l+s
h,n+1+2s(x) = L
l+s
h,n+2s(x).
Proposition 13. For n ≥ 2l+ 1,
s−1∑
i=0
Llh,n+i(x)h
s−1−i(x) = Ll+1h,n+s+1(x) − hs(x)Ll+1h,n+1(x). (29)
The proof can be done by using (25) and induction on s.
Lemma 14.
⌊n2 ⌋∑
i=0
i
n
n− i
(
n− i
i
)
hn−2i(x) =
n
2
[Lh,n(x)− h(x)Fh,n(x)] (30)
The proof is similar to Lemma 6.
Proposition 15.
⌊n2 ⌋∑
l=0
Llh,n(x) =
{
Lh,n(x) +
nh(x)
2 Fh,n(x) (n even)
1
2 (Lh,n(x) + nh(x)Fh,n(x)) (n odd).
(31)
Proof. An argument analogous to that of the proof of Proposition 7 yields
⌊n2 ⌋∑
l=0
Llh,n(x) =
(⌊n
2
⌋
+ 1
)
Lh,n(x)−
⌊n2 ⌋∑
i=0
i
n
n− i
(
n− i
i
)
hn−2i(x)
From Lemma 14 the Eq.(31) is obtained.
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5 Generating functions of the incomplete h(x)-Fibonacci and
h(x)-Lucas polynomials
In this section, we give the generating functions of incomplete h(x)-Fibonacci and h(x)-Lucas
polynomials.
Lemma 16. (See [3], p. 592). Let {sn}∞n=0 be a complex sequence satisfying the followin non-
homogeneous recurrence relation:
sn = asn−1 + bsn−2 + rn (n > 1), (32)
where a and b are complex numbers and {rn} is a given complex sequence. Then the generating
function U(t) of the sequence {sn} is
U(t) =
G(t) + s0 − r0 + (s1 − s0a− r1)t
1− at− bt2
where G(t) denotes the generating function of {rn}.
Theorem 17. The generating function of the incomplete h(x)-Fibonacci polynomials F lh,n(x) is
given by
Rh,l(x) =
∞∑
i=0
F lh,i(x)t
i
= t2l+1
[
Fh,2l+1(x) + (Fh,2l+2(x)− h(x)Fh,2l+1(x)) t− t
2
(1− h(x)t)l+1
] [
1− h(x)t− t2]−1 (33)
Proof. Let l be a fixed positive integer. From (4) and (11), F lh,n(x) = 0 for 0 ≤ n < 2l + 1,
F lh,2l+1(x) = Fh,2l+1(x), and F
l
h,2l+2(x) = Fh,2l+2(x), and that
F lh,n(x) = h(x)F
l
h,n−1(x) + F
l
h,n−2(x) −
(
n− 3− l
l
)
hn−3−2l(x). (34)
Now let
s0 = F
l
h,2l+1(x), s1 = F
l
h,2l+2(x), and sn = F
l
h,n+2l+1(x).
Also let
r0 = r1 = 0 and rn =
(
n+ l − 1
n− 2
)
hn−2(x).
the generating function of the sequence {rn} is G(t) = t2(1−h(x)t)l+1 (See [12, p. 355]). Thus, from
Lemma 16, we get the generating function Rh,l(x) of sequence {sn}.
Theorem 18. The generating function of the incomplete h(x)-Lucas polynomials Llh,n(x) is given
by
Sh,l(x) =
∞∑
i=0
Llh,i(x)t
i
= t2l
[
Lh,2l(x) + (Lh,2l+1(x) − h(x)Lh,2l(x)) t− t
2(2 − t)
(1− h(x)t)l+1
] [
1− h(x)t− t2]−1 (35)
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Proof. The proof of this theorem is similar to the proof of Theorem 17. Let l be a fixed positive
integer. From (18) and (26), Llh,n(x) = 0 for 0 ≤ n < 2l, Llh,2l(x) = Lh,2l(x), and Llh,2l+1(x) =
Lh,2l+1(x), and that
Llh,n(x) = h(x)L
l
h,n−1(x) + L
l
h,n−2(x) −
n− 2
n− 2− l
(
n− 2− l
n− 2− 2l
)
hn−2−2l(x) (36)
Now let
s0 = L
l
h,2l(x), s1 = L
l
h,2l+1(x), and sn = L
l
h,n+2l(x).
Also let
r0 = r1 = 0 and rn =
(
n+ 2l− 2
n+ l − 2
)
hn+2l−2(x).
the generating function of the sequence {rn} is G(t) = t
2(2−t)
(1−h(x)t)l+1
(See [12, p. 355]). Thus, from
Lemma 16, we get the generating function Sh,l(x) of sequence {sn}.
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